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WEIGHTED NORM INEQUALITIES FOR FRACTIONAL
OSCILLATORY INTEGRALS AND APPLICATIONS
SHAOGUANG SHI, ZUNWEI FU, SHANZHEN LU, AND FAYOU ZHAO
Abstract. We set up some weighted norm inequalities for fractional oscillatory inte-
gral operators. As applications, the corresponding results for commutators formed by
BMO(Rn) functions and the operators are established.
1. Introduction
We consider a class of fractional oscillatory integrals
(Tαf)(x) =
∫
Rn
eiP (x,y)Kα(x, y)f(y)dy, (1.1)
where P (x, y) is a real valued polynomial defined on Rn × Rn, and Kα is a fractional
Caldero´n-Zygmund kernel which satisfies
|Kα(x, y)| ≤
C
|x− y|n−α
, 0 < α < n (1.2)
and
|∇xKα(x, y)|+ |∇yKα(x, y)| ≤
C
|x− y|n+1−α
. (1.3)
In the foregoing and following, the letter C will stand for a positive constant which may
vary from line to line.
In 1987, Ricci and Stein [11] obtained the Lp(1 < p < ∞)-boundedness of Tα, with
bound depending on the polynomial. For the Lp(1 < p < ∞)-boundedness of Tα with
rough kernels, we refer the reader to Ding’s work in [2] and [3]. Obviously, when α = 0,
K0 = K is exactly the classical standard Caldero´n-Zygmund kernel and the corresponding
integral
(Tf)(x) = p.v.
∫
Rn
eiP (x,y)K(x, y)f(y)dy, (1.4)
is the classical oscillatory singular integral. Moreover, it is well-known that the Radon
transform [14], being an important role in the CT technology of medical sciences, is closely
related to this form of oscillatory singular integrals. We may refer to Ricci and Stein’s
work [11] for their Lp(1 < p < ∞)-norm estimates and Lu-Zhang’s work [9] about the
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weighted versions, respectively. For the other works about (1.4), we would like to refer
to [1], [5], [6], [8], [12] and [14]. Highly inspired by [9] and [11], our first goal is to get
the weighted strong type-boundedness for Tα. Before stating our results, let us give some
notations first.
Let 1 < p <∞. For any non-negative locally functions w and any Lebesgue measurable
function f , we set
‖f‖Lp(w) =
(∫
Rn
|f(x)|pw(x)dx
)1/p
and if w ≡ 1, we denote ‖f‖Lp(w) simply by ‖f‖Lp. The Muckenhoupt classes Ap and
A(p,q) [14] contain the functions w which satisfy
Ap : sup
Q
(
1
|Q|
∫
Q
w(x)dx
)(
1
|Q|
∫
Q
w(x)1−p
′
dx
)p−1
≤ C, 1 < p <∞
and
A(p,q) : sup
Q
(
1
|Q|
∫
Q
w(x)qdx
) 1
q
(
1
|Q|
∫
Q
w(x)−p
′
dx
) 1
p′
≤ C, 1 < p, q <∞,
respectively. Here Q denotes any cubes in Rn, 1/p+1/p′ = 1. Define the Hardy-Littlewood
maximal operator M as
Mf(x) = sup
Q∋x
1
|Q|
∫
Q
|f(y)|dy.
It is well known [14] that M is a bounded operator on Lp(Rn), 1 < p <∞.
The assumption that P (x, y) is nontrivial will be needed throughout the paper. We say
a polynomial P (x, y) is nontrivial if P (x, y) does not take the form P0(x) + P1(y), where
P0 and P1 are polynomials defined on R
n. Now we may formulate our results as follows
Theorem 1.1. Suppose P (x, y) =
∑
|β|≤k,|γ|≤l aβγx
βyγ is nontrivial real valued polyno-
mial, Kα satisfies (1.2), (1.3) and the operator T˜α : f →
∫
Rn
Kα(x, y)f(y)dy is bounded
on L2. Then, if w ∈ Ap, 1 < p <∞, there exists constant C(α) > 0, 0 < δ < 1, such that
‖Tαf‖Lp(w) ≤ C(α)‖f‖Lp(w),
where 0 < α < (1 + l
k
)δ.
It would be desirable to see what happens if we replace w ∈ Ap by w ∈ A(p,q), that is
Theorem 1.2. Let Kα(x, y), P (x, y) be the same as Theorem 1.1, w ∈ A(p,q) and 0 <
α < n, 1 < p < n
α
, 1
p
− 1
q
= α
n
. Then there exists constant C > 0 independent of α such
that
‖Tαf‖Lq(wq) ≤ C‖f‖Lp(wp).
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It is well known that the oscillatory factor eip(x,y) makes it impossible to establish the
weighted norm inequalities of (1.1) by the methods as in the case of Caldero´n-Zygmund
operators or fractional integrals. It is also worth pointing out that the methods used in
[2] and [3] depends heavily on the homogeneity of the rough kernel. Since there is not any
homogeneity for Kα, the method of [2] and [3] does not work in dealing with the kernel
in the proof of Theorem 1.1. Using properties of weights functions and interpolation idea
due to Stein and Weiss [16], as well as properties established by us, we first give the
proof of Theorem 1.1 and Theorem 1.2 in Section 2. As applications of Theorem 1.1
and Theorem 1.2, we shall discuss the corresponding results for commutators formed by
BMO(Rn) functions and fractional oscillatory integrals in Section 3.
2. Proofs of Theorem 1.1 and Theorem 1.2
Our treatment of the fractional oscillatory operator Tα will be based in part on some
simple but useful inequalities concerning polynomials. For the convenience of the reader,
we repeat the relevant material from [11] and [14] without proofs, thus making our ex-
position self-contained. Let P (x) =
∑
|β|≤d aβx
β denote a polynomial in Rn of degree d,
where xβ = xβ11 x
β2
2 · · ·x
βn
n , β = (β1, · · · , βn) with |β| = β1 + β2 + · · ·+ βn.
Lemma 2.1. Suppose that ε < 1
d
. Then
∫
|x|≤1
|P (x)|−εdx ≤ Aε

∑
|β|≤d
|aβ|


−ε
.
The bound Aε depends on ε (and the dimension n) but not on the coefficients {aβ}.
The above lemma will be applied via following consequence.
Lemma 2.2. (1) Let P (x) =
∑
|β|=d aβx
β denote a homogeneous polynomial in Rn of
degree d with ε < 1
d
. Then
∫
|x|=1
|P (x)|−εdσ(x) ≤ Aε

∑
|β|=d
|aβ|


−ε
. (2.1)
(2) Let P (x) =
∑
|β|≤d aβx
β denote a polynomial in Rn of degree d. Then
sup
y∈Rn
∫
|x|≤1
|P (x− y)|−εdx ≤ Aε

∑
|β|=d
|aβ|


−ε
. (2.2)
Besides the above inequalities for polynomials. We still need the following estimates
for one-dimensional oscillatory integral whose phases are generalized polynomials.
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Lemma 2.3. Let ψ ∈ C1[α, β], ε = min{ 1
a1
, 1
n
}, λ > 0. Then∣∣∣∣
∫ β
α
eiλφ(t)ψ(t)dt
∣∣∣∣ ≤ Cλ−ε
{
sup
α≤t≤β
|ψ(t)|+
∫ β
α
|ψ′(t)|dt
}
,
where φ is real-valued phases of the form φ(t) = ta1 + µ2t
a2 + · · ·+ µnt
an with µ2, · · · , µn
are real parameters and a1, a2, · · · , an are distinct positive exponents.
Let 0 < α < n. The fractional integrals were defined by
Iαf(x) =
∫
Rn
f(y)
|y − x|n−α
dy.
Muchenhout and Wheeden established the weighted boundedness of Iα in [10].
Lemma 2.4. Let 0 < α < n, 1 < p < n
α
< ∞, 1
p
− 1
q
= α
n
and w ∈ A(p,q). Then there
exist constant C > 0, such that if 1 < p <∞, then
‖Iαf‖Lq(wq) ≤ C‖f‖Lp(wp).
Recalling the definition of Ap and A(p,q), we proceed to show some relationship between
the classes Ap and A(p,q).
Lemma 2.5. [7] Suppose 0 < α < n, 1 < p < n
α
<∞, and 1
p
− 1
q
= α
n
. Then
(1) If w ∈ A(p,q) ⇐⇒ w
q ∈ Aq(n−α
n
) ⇐⇒ w
−p′ ∈ A
1+ p
′
q
.
(2) wq ∈ A(p,q) =⇒ w
q ∈ Aq and w
p ∈ Ap.
From the reverse Ho¨lder inequality and Lemma 2.5, we can easily have the following
properties of Ap and A(p,q) weights, which will paly an important role in the proof of
Theorem 1.1 and Theorem 1.2.
Lemma 2.6. [7] (1) If w ∈ Ap, there exists some ε > 0 such that w
1+ε ∈ Ap.
(2) Suppose 0 < α < n, 1 < p < n
α
< ∞, and 1
p
− 1
q
= α
n
. Then if w ∈ A(p,q), there
exists some ε > 0 such that w1+ε ∈ A(p,q).
To prove the main results, the interpolation theorem of operators with change measures
plays an important role, which formed by Stein and Weiss [16].
Lemma 2.7. Suppose that u0, v0, u1, v1 are positive weight functions and 1 < p0, p1 <∞.
Assume sublinear operator S satisfies:
‖Sf‖Lp0(u0) ≤ C0‖f‖Lp0(v0),
and
‖Sf‖Lp1(u1) ≤ C1‖f‖Lp1(v1).
Then
‖Sf‖Lp(u) ≤ C‖f‖Lp(v)
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holds for any 0 < θ < 1 and 1
p
= θ
p0
+ 1−θ
p1
, where u = u
pθ
p0
0 u
p(1−θ)
p1
1 , v = v
pθ
p0
0 v
p(1−θ)
p1
1 and
C ≤ Cθ0C
1−θ
1 .
We now give the proof of Theorem 1.1 and Theorem 1.2 in what follows.
Proof of Theorem 1.1. Suppose P (x, y) is a nontrivial real polynomial with degree k in
x and degree l in y. We shall carry out the argument by induction. First, we assume the
conclusion of Theorem 1.1 is valid for all polynomials which are the sums of monomials
of degree less than k in x times monomials of any degree in y, together with monomials
which are of degree k in x times monomials which are of degree less than l in y .Thus
P (x, y) can be written as
P (x, y) =
∑
|β|=k,|γ|=l
aβγx
βyγ +R(x, y)
or
P (x, y) =
∑
|β|=k
xβQβ(y) +R0(x, y).
Here R(x, y) satisfies the above induction assumption and Qβ(y) =
∑
|γ|<l aβγy
γ is poly-
nomial in y of degree less than l. R0(x, y) has x-degree less than k. Without loss of
generality, we may assume k, l > 0 and
∑
|β|=k,|γ|=l |aβγ | = 1. We split the kernel Kα as
Kα(x, y) = Kα(x, y)χ{|x−y|≤1}(x, y) +Kα(x, y)χ{|x−y|>1}(x, y) =: Kα,0 +Kα,∞,
and consider the corresponding splitting
Tαf(x) =
∫
eiP (x,y)Kα,0(x, y)f(y)dy +
∫
eiP (x,y)Kα,∞(x, y)f(y) dy
=: Tα,0f(x) + Tα,∞f(x).
Our task is now to show the weighted estimates for both Tα,0 and Tα,∞. Take any h ∈ R,
and write
P (x, y) =
∑
|β|=k,|γ|=l
aβγ(x− h)
β(y − h)γ +R(x, y, h),
where the polynomial R(x, y, h) satisfies the induction assumption, and the coefficients of
R(x, y, h) depend on h.
We first set up the estimate for Tα,0.
Observing
eiP (x,y) = eiP (x,y) − ei(R(x,y,h)+Σaβγ (y−h)
β+γ) + ei(R(x,y,h)+Σaβγ (y−h)
β+γ),
we have
Tα,0f(x) =
∫
|x−y|<1
ei(R(x,y,h)+Σaβγ (y−h)
β+γ)Kα(x, y)f(y)dy
+
∫
|x−y|<1
{
eiP (x,y) − ei(R(x,y,h)+Σaβγ(y−h)
β+γ)
}
Kα(x, y)f(y)dy
=: Tα,01f(x) + Tα,02f(x).
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Now we split f into three parts as follows
f(y) = f(·)χ{|y−h|< 1
2
}(y) + f(·)χ{ 1
2
≤|y−h|< 5
4
}(y) + f(·)χ{|y−h|≥ 5
4
}(y)
=: f1(y) + f2(y) + f3(y).
It is easy to see that when |x− h| < 1
4
, we have
Tα,01f1(x) =
∫
ei(R(x,y,h)+Σaβγ (y−h)
β+γ)Kα(x, y)f1(y)dy.
Thus, it follows from the induction assumption that∫
|x−h|< 1
4
|Tα,01f1(x)|
pw(x)dx ≤ C
∫
|y−h|< 1
2
|f(y)|pw(y)dy, (2.3)
where C is independent of h.
Notice that |x− h| < 1
4
, 1
2
≤ |y − h| < 5
4
imply |y − x| > 1
4
. Thus
|Tα,01f2(x)| ≤ C
∫
1
4
<|x−y|<1
|Kα(x, y)f2(y)|dy ≤ C(α)M(f2)(x).
Here M denotes the Hardy-Littlewood maximal operator. So by the weighted bounded-
ness of M , we have∫
|x−h|< 1
4
|Tα,01f2(x)|
pw(x)dx ≤ C
∫
|y−h|< 5
4
|f(y)|pw(y)dy, (2.4)
where C is independent of h.
Finally, noticing that if |x− h| < 1
4
, |y − h| ≥ 5
4
, we have |y − x| > 1,thus
Tα,01f3(x) = 0. (2.5)
Combining (2.3), (2.4) and (2.5), we get∫
|x−h|< 1
4
|Tα,01f(x)|
pw(x)dx ≤ C
∫
|y−h|< 5
4
|f(y)|pw(y)dy, (2.6)
where C is independent of h.
If |x− h| < 1
4
, |x− y| < 1, then
|eiP (x,y) − ei(R(x,y,h)+
∑
βγ aβγ(y−h)
β+γ)| ≤
∑
|aβγ ||x− y| = C|x− y|.
We have
|Tα,02f(x)| ≤ C
∫
|x−y|<1
|f(y)|
|x− y|n−α−1
dx ≤ CM(f(·)χB(h, 5
4
)(·))(x),
which implies ∫
|x−h|< 1
4
|Tα,02f(x)|
pw(x)dx ≤ C
∫
|y−h|< 5
4
|f(y)|pw(y)dy, (2.7)
where C is independent of h.
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From (2.6) and (2.7), it follows that the inequality∫
|x−h|< 1
4
|Tα,0f(x)|
pw(x)dx ≤ C
∫
|y−h|< 5
4
|f(y)|pw(y)dy,
holds uniformly in h ∈ R, which means
‖Tα,0f‖Lp(w) ≤ C‖f‖Lp(w), (2.8)
where w ∈ Ap.
We now turn to the estimate for Tα,∞.
We write K∞(x, y) =
∑∞
j=0 ψj(x, y), where ψ0 is supported in
1
2
≤ |x − y| ≤ 1 and is
bounded, while ψj(x, y) = 2
−j(n−α)ψ( x
2j
, y
2j
), j ≥ 1 with ψ an appropriate function of class
C1 supported in 1
2
≤ |x| ≤ 1. We set
Tα,jf(x) =
∫
eiP (x,y)ψj(x, y)f(y)dy.
Since bounds for Tα,j when j = 0 is trivial, we turn to the case for j ≥ 1. In order to apply
the method of interpolation of operators with change of measures, we first set up the L2−
boundedness for Tα,j , which is also essential to set up the L
p−boundedness(1 < p < ∞)
for Tα,∞.
Proposition 2.8. There exists constant C > 0, such that
‖Tα,j‖L2 ≤ C2
−j( 1−α
2
+ l
2k
).
Proof. Since |Tα,j|
2 = Tα,jT
∗
α,j , we only need to consider Tα,jT
∗
α,j , which kernel is given
by
Kj(y, z) =
∫
ei(P (x,z)−P (x,y))ψj(x, z)ψj(x, y)dx.
By rescaling, we would only to prove
sup
z,y
∫
|K˜j(y, z)|dzdy ≤ C2
−j(1+ l
k
−α),
where
K˜j(y, z) = 2
(n−α)jKj(2
jy, 2jz) = 2αj
∫
ei(P (2
jx,2jz)−P (2jx,2jy))ψ0(x, z)ψ0(x, y)dx. (2.9)
A trivial estimates for K˜j is |K˜j(y, z)| ≤ Cχ{|y−z|<2}(y, z). We make the changes of
variables x→ x+ y, which yields
P (2j(x+ y), 2jz) =
∑
|β|=k
2|β|jxβQβ(2
jz) +Rj(x, y, z), (2.10)
where Rj has x−degree strictly less than k. Similarly
P (2j(x+ y), 2jy) =
∑
|β|=k
2|β|jxβQβ(2
jy) +R′j(x, y). (2.11)
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Substituting (2.10) and (2.11) into (2.9) yields
K˜j(y, z) = 2
αj
∫
ei(
∑
|β|=k 2
|β|jxβ(Qβ(2
jz)−Qβ(2
jy))+Rj(x,y,z)−R
′
j(x,y))ψ0(x+ y, z)ψ0(x+ y, y)dx.
Applying the polar coordinates with x = rx′, r = |x|, |x′| = 1, we can rewrite the above
equality as
K˜j(y, z) = 2
αj
∫
|x′|=1
(∫ 1
0
ei(A+B)ψ˜dr
)
dδx′, (2.12)
where
A = (r2j)k
∑
|β|=k
x′β(Qβ(2
jz)−Qβ(2
jy)),
B = Rj(x, y, z)− R
′
j(x, y),
and
ψ˜ = ψ0(x+ y, z)ψ0(x+ y, y)r
n−1.
Notice that R˜ has degree strictly less than k when viewed as a polynomial in r. An
application of Lemma 2.3 with a1 = n = k, ε =
1
k
for the inner integral in (2.12) we obtain
|K˜j(y, z)| ≤ C2
αj2−j
∫
|x′|=1
∑
|β|=k
x′β |Qβ(2
jz)−Qβ(2
jy)|−
1
kdx′
≤ C2αj2−j

∑
|β|=k
|Qβ(2
jz)−Qβ(2
jy)|


− 1
k
χ{|y−z|<2}(y, z),
where we use the estimate (2.1) in the last inequality. Since
∑
|β|=k,|γ|=l |aβγ | = 1, there is
an |β0| = k and |γ0| = l such that |aβ0γ0 | ≥ l > 0. Recalling the definition of Qβ0(2
jz) =
2jl
∑
|γ|=l aβ0γz
γ+lower order terms in z, we have∫
|K˜j(y, z)|dz ≤ C2
αj2−j
(∫
|z−y|≤2
∫
|β|=k
(
|Qβ0(2
jz)−Qβ0(2
jy)|
)− 1
k
)
dz.
By (2.2), we obtain
sup
y
∫
|K˜j(y, z)|dz ≤ C2
−j(1+ l
k
)2αj = C2−j(1+
l
k
−α).
Similarly,
sup
z
∫
|K˜j(y, z)|dy ≤ C2
−j(1+ l
k
)2αj = C2−j(1+
l
k
−α),
which complete the proof of Proposition 2.8. 
Obviously, the norms of Tα,j on L
1 and L∞ are both 2αj . Thus by interpolation, we
have for 1 < p <∞, 0 < θ < 1
‖Tα,j‖Lp ≤ C2
−j[θ( 1−α2 +
l
2k
)−α(1−θ)]. (2.13)
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Now, we proceed to the estimates for Tα,∞. For j ≥ 1, we have
|Tα,jf(x)| ≤
∫
2j−1<|x−y|<2j
|f(y)|
|x− y|n−α
dy ≤ C2jαM(f)(x).
Thus from Lemma 2.6 (1), we have
‖Tα,jf‖Lp(w1+ε) ≤ C2
jα‖f‖Lp(w1+ε), (2.14)
where C is independent of j.
Applying Lemma 2.7 to (2.13) and (2.14), we have
‖Tα,jf‖Lp(w) ≤ C2
−j[
(1+ l
k
−α)
2
)θ2−α(1−θ2)]‖f‖Lp(w).
Taking δ = θ
2
2−θ2
, for 0 < α < (1 + l
k
)δ, we have
‖Tα,∞‖Lp(w) ≤ C.
So, we complete the proof of Theorem 1.1. 
Proof of Theorem 1.2. Similar to that of Theorem 1.1, we can get Theorem 1.2. How-
ever, we can prove Theorem 1.2 in a simpler manner. In fact, Theorem 1.2 is a straight-
forward results by Lemma 2.4 and the following observation
|Tαf(x)| ≤
∫
|f(y)|
|y − x|n−α
dy = Iα(|f |)(x).

3. Weighted estimates for the commutators of fractional oscillatory
integrals
As the applications of Theorem 1.1 and Theorem 1.2, we show the weighted bounded-
ness of commutators of fractional oscillatory integrals in this section.
Let b ∈ L1loc(R
n), we say that b ∈ BMO(Rn) if
‖b‖BMO(Rn) = sup
Q
1
|Q|
∫
Q
|b− bQ| <∞.
Here bQ =
1
|Q|
∫
Q
b. There were some relationship between the Muchenhoupt classes and
BMO(Rn) functions [7].
Lemma 3.1. (1) If w ∈ Ap, 1 < p < ∞, b ∈ BMO(R
n), then for λ > 0, there exists
η > 0 such that
eλb ∈ Ap
when ‖b‖BMO(Rn) < η.
(2) Suppose 0 < α < n, 1 < p < n
α
< ∞, and 1
p
− 1
q
= α
n
. Then for w ∈ A(p,q), λ > 0,
there exists η > 0 such that
eλb ∈ A(p,q)
when ‖b‖BMO(Rn) < η.
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Let b ∈ BMO(Rn) and m = 0, 1, · · · . Then m-th commutators generated by fractional
singular integrals Iα and b are defined by
Imα,bf(x) =
∫
Rn
f(y)
|y − x|n−α
(b(x)− b(y))mdy.
and
I+,mα,b f(x) =
∫
Rn
f(y)
|y − x|n−α
|b(x)− b(y)|mdy.
Lemma 3.2. [15] Let p, q, α and w as in Lemma 2.4. Then if b ∈ BMO(Rn), there
exists C > 0 such that both Imα,b and I
+,m
α,b map L
p(wp) into Lq(wq).
The high order commutators of degree m(m ∈ Z+) generated by Tα and a BMO(R
n)
function b are defined by
(Tmα,bf)(x) =
∫
Rn
eiP (x,y)Kα(x, y)(b(x)− b(y))
mf(y)dy.
Lu [5] first study the Lp-boundedness for T 10,b when b ∈ BMO(R
n) while the first author
of this paper set up the weighted version of the Lp-boundedness for Tb in [13]. In 2005,
Wu [17] established the norm estimates for Tmα,b when Kα is rough kernel. In this section,
we will prove the weighted boundedness of Tmα,b, which is strongly based on Theorem 1.1
and Theorem 1.2. The method we use here has a root in [4].
Theorem 3.3. Let m ∈ Z+, 1 < p <∞, Kα(x, y), P (x, y) be the same as in Theorem
1.1. Then for w ∈ Ap, b ∈ BMO(R
n), there exists constant C(α) > 0, 0 < δ < 1 such
that
‖Tmα,bf‖Lp(w) ≤ C‖f‖Lp(w),
where 0 < α < (1 + l
k
)δ.
Theorem 3.4. Let p,m,Kα, P, b be the same as Theorem 3.4 and 1 < p <
n
α
, 1
p
− 1
q
=
α
n
, 0 < α < n. Then for w ∈ A(p,q), there exists constant C > 0 such that
‖Tmα,bf‖Lq(wq) ≤ C‖f‖Lp(wp).
Proof of Theorem 3.3. We carry out the proof of Theorem 3.3 by induction. First,
we consider m = 1. By Theorem 1.1, Tα is bounded on L
p(w) with 1 < p < ∞ and
w ∈ Ap. Take λ = p and b ∈ BMO(R
n). Without loss of generality, we may assume that
‖b‖BMO < η. By Lemma 3.1(1), we have e
pb ∈ Ap. On the other hand, for every θ ∈ [0, 2pi],
b cos θ ∈ BMO(Rn) and ‖b cos θ‖BMO(Rn) ≤ ‖b‖BMO(Rn) < η. Thus, e
pb cos θ ∈ Ap. Now,
for z ∈ C, g(z) = ez(b(x)−b(y)) is analytic on C. Thus by the Cauchy integral formula we
get
b(x)− b(y) = g′(0) =
1
2pii
∫
|z|=1
g(z)
|z|2
dz =
1
2pi
∫ 2pi
0
ee
iθ[b(x)−b(y)]e−iθdθ. (3.1)
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Since w ∈ Ap, by Lemma 2.6(1) we know that there exists ε > 0 such that w
1+ε ∈ Ap, so
‖Tαf‖Lp(w1+ε) ≤ C‖f‖Lp(w1+ε). (3.2)
Let λ = p(1+ε)
ε
. By Lemma 3.1(1), we know that there is η > 0 such that epb(1+ε)/ε ∈ Ap
whenever ‖b‖BMO < η. Thus for every θ ∈ [0, 2pi], we have e
pb(1+ε) cos θ/ε ∈ Ap still holds.
By the weighted boundedness of Tα we have
‖Tαf‖Lp(epb(1+ε) cos θ/ε) ≤ C‖f‖Lp(epb(1+ε) cos θ/ε). (3.3)
Applying Lemma 2.7 to (3.2) and (3.3) we have
‖Tαf‖Lp(wepb cos θ) ≤ C‖f‖Lp(wepb cos θ). (3.4)
Now for θ ∈ [0, 2pi], denote hθ(x) = f(x)e
−b(x)eiθ . Then by f ∈ Lp(w), we have hθ ∈
Lp(wepb cos θ) and
‖hθ‖Lp(wepb cos θ) = ‖f‖Lp(w). (3.5)
It follows from (3.1) that
Tα,bf(x) =
∫
eiP (x,y)Kα(x, y)
(
1
2pi
∫ 2pi
0
ee
iθ(b(x)−b(y))e−iθdθ
)
f(y)dy
=
1
2pi
∫ 2pi
0
Tα(hθ)(x)e
eiθb(x)e−iθdθ.
Thus by Minkowski’s inequality and (3.4) as well as (3.5), we have
‖Tα,bf‖Lp(w) ≤
1
2pi
∫ 2pi
0
‖Tα(hθ)‖Lp(wepb cos θ)dθ ≤ C‖f‖Lp(w).
We now assume that Theorem 3.3 holds for m− 1, i.e. for any f ∈ Lp(w) with w ∈ Ap,∥∥Tm−1α,b f∥∥Lp(w) ≤ C‖f‖Lp(w). (3.6)
Using Lemma 2.6(1), there exists ε > 0 such that for any f ∈ Lp(w1+ε)∥∥T k−1α,b f∥∥Lp(w1+ε) ≤ C‖f‖Lp(w1+ε). (3.7)
Take λ = p(1+ε)
ε
. By Lemma 3.1(1), we know that there is η > 0 such that epb(1+ε)/ε ∈ Ap
whenever ‖b‖BMO(Rn) < η. On the other hand, for every θ ∈ [0, 2pi], b cos θ ∈ BMO(R
n)
and ‖b cos θ‖BMO(Rn) ≤ ‖b‖BMO(Rn) < η. Thus,
epb(1+ε) cos θ/ε ∈ Ap.
Therefore, by (3.6), we see that for every θ ∈ [0, 2pi] and f ∈ Lp(epb(1+ε) cos θ/ε), we have∥∥Tm−1α,b f∥∥Lp(epb(1+ε) cos θ/ε) ≤ C‖f‖Lp(epb(1+ε) cos θ/ε). (3.8)
Applying Lemma 2.7 to (3.7) and (3.8), we see that for every θ ∈ [0, 2pi] and f ∈
Lp(wepb cos θ). We have ∥∥Tm−1α,b f∥∥Lp(wepb cos θ) ≤ C‖f‖Lp(wepb cos θ). (3.9)
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Moreover, set hθ(x) = f(x)e
−b(x)eiθ . Then by f ∈ Lp(w), we have for θ ∈ [0, 2pi], hθ ∈
Lp(wepb cos θ) and
‖hθ‖Lp(wepb cos θ) = ‖f‖Lp(w). (3.10)
For simplicity, we denote
Kα,m−1(x, y) = e
iP (x,y)Kα(x, y)(b(x)− b(y))
m−1χ{2j−1<|y−x|<2j}(x, y).
From (3.1), we have
Tmα,bf(x) =
∫
Kα,m−1(x, y)(b(x)− b(y))f(y)dy
=
1
2pi
∫ 2pi
0
Tm−1α,b (hθ)(x)e
eiθb(x)e−iθdθ.
By (3.9) and (3.10), we get ∥∥Tmα,bf∥∥Lp(w) ≤ C‖f‖Lp(w).
We complete the proof of Theorem 3.3. 
Proof of Theorem 3.4. As a result of the similar propositions of Ap and A(p,q) in Lemma
2.6 as well as Lemma 3.1(2), the proof of Theorem 3.4 can be handled in much the same
way as that of Theorem 3.3, which we only need to do a slight modifications by replacing
Ap by A(p,q). However, by the idea similar to that of in the proof of Theorem 1.2, we can
also easily obtain Theorem 3.4 by Lemma 3.2 and the following observation
|Tα,bf(x)| ≤
∫
|f(y)(b(x)− b(y))|
|x− y|n−α
= Iα,b(|f |)(x).

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